Abstract: In this paper, we propose an algorithm to determine the D-dimensional optimum signal constellation design (DD-OSCD), in minimum mean-square error sense, for channel capacity achieving source distribution. We then describe a D ¼ 4N-dimensional coded modulation scheme, employing N orbital angular momentum modes, two polarization states, and two in-phase/quadrature coordinates, suitable for use in future few-mode fiber (FMF) applications. Monte Carlo simulations indicate that the proposed low-density parity-check (LDPC)-coded polarization-division-multiplexed (PDM) quadrature-multiplexed (QM) DD-OSCD significantly outperforms conventional PDM-QAM (by 4.32 dB for 64-ary 3-D constellation at a BER of 10 À7 ). In addition, the DD-OSCD outperforms sphere packing constellations (by 0.33 dB for 8-ary 3-D constellation at a BER of 10 À7 ).
Introduction
In recent years, there has been a strong impetus for DWDM network upgrade from 10 Gb/s per channel to 40/100 Gb/s per channel. In June 2010, optical transmission at 100-Gb/s Ethernet data rate has been standardized by ITU-T and IEEE forums [1] . To meet the ever-growing demand, according to industry experts [2] , 400-GbE and 1-Tb/s Ethernet (TbE) should be standardized in the near future.
In order to support beyond 400-Gb/s serial transmission, we propose a D-dimensional signal constellation design obtained by minimization of mean-square error (MSE) of signal constellation representing the source, for the optimum source distribution. The optimum source distribution is obtained by maximizing the channel capacity, based on Arimoto-Blahut algorithm [3] . Therefore, these signal constellations are optimum in the minimum MSE (MMSE) sense, and the proposed algorithm can be called multidimensional/D-dimensional MMSE-optimum signal constellation design (DD-OSCD). We further describe how to use the proposed DD-OSCD in few-mode fiber (FMF)-based applications. In order to test the efficiency of the proposed DD-OSCD signal constellations, we proposed an FMF-based optical transmission system, which uses the turbo equalization at the receiver side to compensate for residual mode group delay, mode coupling, and mode-dependent loss effects. The results show that DD-OSCD significantly outperforms the conventional polarizationdivision-multiplexed (PDM) QAM. In addition, the proposed DD-OSCD outperforms constellations obtained by sphere packing method [4] (the best known D-dimensional signal constellations).
The proposed scheme is very flexible, as it can be used in various strategies ranging from pure multiplexing to full 4N-dimensional signaling. We also proposed a PDM quadrature-multiplexed (QM) N-dimensional OSCD (ND-OSCD) scheme that represents a good compromise among different conflicting requirements, as it offers better optical signal-to-noise ratio (OSNR) sensitivity and higher spectral efficiency, while being of comparable complexity to PDM-QAM. In this scheme, ith polarization/quadrature coordinate ði ¼ 1; 2; 3; 4Þ and N OAM modes are used to generate ith N-dimensional signal, and then, four independent N-dimensional streams are simultaneously multiplexed. The purpose of such selection of coordinates is to improve the immunity to imperfect mode-coupling compensation.
The paper is organized as follows. In Section 2, we describe the proposed D-dimensional ðD ! 2Þ signal constellation design. In Section 3, we describe the use of the proposed signal constellation design algorithm in FMF-based communications. Performance evaluation is provided in Section 4. Some important concluding remarks are provided in Section 5.
Multidimensional Signal Constellation Design
The first stage in the proposed algorithm is to use conventional Arimoto-Blahut algorithm in order to determine the D-dimensional optimum source distribution for a given optical channel. The properties of this source distribution maximize channel capacity. In the second stage, we first initialize the algorithm with a set of initial constellation points, for example, constellations obtained by D-dimensional Cartesian product of pulse-amplitude modulation (PAM) [5] can be used for initialization. After initialization, we generate the D-dimensional training sequences from optimum source distribution and split them into D-dimensional clusters of points according Euclidean distance squared from constellation obtained in previous iteration. New constellation points are obtained as the center of mass of such obtained clusters. This procedure is repeated until convergence or until a predetermined number of iterations has been reached. It can be shown that this algorithm is optimum in MMSE sense. The DD-OSCD algorithm can be formulated as follows:
Step 0 (Initialization). Choose arbitrary auxiliary input distribution. Choose DD-PAM for initial points, and set the size of this constellation to M.
Step 1. Apply the Arimoto-Blahut algorithm to determine optimum source distribution.
Step 2. Generate sufficiently long D-dimensional training sequences from optimum source distribution. Group the samples from this sequence into M D-dimensional clusters. The membership to the cluster is decided based on Euclidean distance squared of sample point and signal constellation points from previous iteration. Each sample point is assigned to the cluster with smallest Euclidean distance squared.
Step 3. Determine the new constellation points as the center of mass for each D-dimensional cluster. Repeat steps 1-3 until convergence. As an illustration, in Fig. 1 , we show the 8-ary 3-D signal constellation. The four red points and four blue points form two tetrahedrons crossing each other. The coordinates for 16-ary 4D-OSCD, obtained using the DD-OSCD algorithm described above, are provided in Table 1 .
Description of 4N-dimensional Coded Modulation
The multidimensional signaling has already been studied by authors in [5] - [8] . In this section, we provide a description of a particular multidimensional coded modulation (CM) scheme enabling ultrahigh-speed optical transport, employing the multidimensional signal constellation design from previous section. This CM scheme can be called hybrid [7] as it employs all available degrees of freedom. The scheme studied in this paper employs in-phase/quadrature channels, two spin angular momentum (SAM) states (corresponding two orthogonal polarizations), and N orbital angular momentum (OAM) states resulting in D ¼ 4N-dimensional signal-space. By increasing the number of OAM states, we can increase the aggregate data rate of the system while ensuring reliable transmission at these ultrahigh speeds using capacity-approaching low-density parity-check (LDPC) codes. Apart from increasing the aggregate data rate, a D-dimensional space when compared with the conventional 2-D space can provide larger Euclidean distances between signal constellation points, resulting in improved BER performance. Notice that it is possible to use more than two electrical basis functions, such as orthogonal subcarriers, to increase further the signal-space [7] . For description of OAM basis functions, an interested reader is referred to [6] . The use of spatial degree of freedom has become a hot research topic that can be judged based on a number of recent publications from various research groups [9] - [19] .
The overall system configuration is depicted in Fig. 2 . The D independent data streams are LDPC-encoded, and codewords are written into block-interleaver row-wise. The D bits are taken from block-interleaver column-wise and used to select a point from a 2 D -ary signal constellation stored in the lookup table (LUT). The coordinates from the LUT are used as inputs of D-dimensional modulator. The D-dimensional modulator, whose configuration is shown in Fig. 2(a) , generates the signal constellation points by .) The OAM mode multiplexer is composed of N waveguides, taper-core fiber and FMF, properly designed to excite orthogonal OAM modes in FMF. The 4N-dimensional demodulator architecture is shown in Fig. 2(b) . We first perform OAM modedemultiplexing in the OAM-demux block [see Fig. 2(b) ], whose outputs are 4-D projections along N OAM states. Each OAM mode undergoes polarization-diversity coherent detection [see Fig. 4(d) ], and corresponding outputs are forwarded to 4N-dimensional a posteriori probability (APP) demapper, as shown in Fig. 2(c) . In APP demapper, we calculate symbol LLRs, which are used to calculate bit LLRs needed for LDPC decoding, as shown in Fig. 2(c) . After LDPC decoding, extrinsic bit LLRs are calculated and forwarded to APP demapper, where extrinsic symbol LLRs, obtained by properly combining extrinsic bit LLRs, are used to calculate symbol LLRs for next outer iteration, in a fashion similar to that described in [8] . The extrinsic information is exchanged between APP demapper and LDPC decoder iteratively until all codewords in LDPC decoders are obtained or a predetermined number of iteration has been reached. In the presence of nonlinear coupling between OAM modes, we need to use a D-dimensional sliding-window turbo equalizer in similar fashion as described in [20] .
The aggregate data rate R D of this scheme is given by
where R s is the symbol rate, and R is the code rate. For instance, by setting R s ¼ 31:25 GS/s, R ¼ 0:8, and N ¼ 4, the aggregate information data rate of 400 Gb/s is achieved, indicating that this scheme is compatible with 400-G Ethernet. For multi-Tb/s applications, this scheme should be used in combination with multi-band OFDM, as discussed in [19] . There are many different strategies on how the proposed scheme can be used, ranging from pure multiplexing to full 4N-dimensional signaling. In incoming section, we evaluate BER performance of a PDM-QM N-dimensional coded modulation scheme, employing N OAM modes. The polarization and phase-quadrature coordinates are used for multiplexing. This scheme is a good compromise among different conflicting requirements, as it offers OSNR sensitivity improvement and higher spectral efficiency, while being of comparable complexity when compared with PDM-QAM.
In this scheme, four independent N-dimensional streams are PDM-QM into 4N-dimensional resulting optical signal. The purpose of this particular selection of coordinates is to improve the immunity to imperfect mode-coupling compensation. Therefore, the modulation and multiplexing are performed simultaneously. From the Shannon theory, we know that channel capacity is a linear function in number of dimensions, while being a logarithmic function in signal-to-noise ratio [6] . By increasing the number of OAM basis functions, we can improve the spectral efficiency of this scheme significantly compared with conventional PDM-QAM systems used in SMFs. In a quasilinear regime, the symbol LLRs are equal to minus Euclidean distance squared divided by variance of noise. The increase in number of dimensions requires just introduction of additional terms in Euclidean distance squared, which does not increase complexity of LLR calculator block much when compared with PDM-QAM. On the other hand, the complexity of MIMO signal processing in mode-division multiplexing is higher than that in PDM-based systems.
In addition to better BER performance, the proposed PDM-QM N-dimensional OSCD has much higher aggregate data rate when compared with PDM-QAM. For instance, the aggregate data rate of PDM-QM 16-ary 3D-OSCD is 2 Â 2 Â 4 Â 0:8 Â 31:25 Gb/s ¼ 400 Gb/s (where the first factor 2 originates from PDM and the second factor 2 from QM, while the factor 4 from the fact that 4 bits/ symbol are carried by 16-ary 3-D constellation), while the aggregate rate of PDM 16-QAM is only 200 Gb/s. In this particular example, three OAM modes are used as basis functions.
Performance Evaluation
The proposed DD-OSCDs are studied for use in FMF optic systems for an information symbol rate of 25 GS/s. The quasi-cyclic, girth-10, column-weight-3, LDPC (34665, 27734, 0.8) code is used as a channel code. In order to precisely estimate the improvement in OSNR sensitivity with respect to conventional constellations, we perform the Monte Carlo simulations. The proposed scheme is used in combination with PDM and QM. Orthogonal OAM modes, properly generated in FMFs as explained in [6] , are used as basis functions for N-dimensional signaling. 
Conclusion and Future Work
In this paper, we propose a capacity-achieving algorithm for D-dimensional signal constellation design. The Monte Carlo simulations indicate that the optimized PDM-QM 3D/4D-OSCDs can significantly improve system performance of conventional PDM-QAM. In addition, the DD-OSCD signal constellations outperform corresponding constellations obtained by sphere packing method. The proposed D-dimensional signal constellation design method is a general and effective signal constellation design approach applicable to an arbitrary number of OAM modes. This design is suitable for future FMF optic communication systems. It is also important to mention that the methodology used for FMFs can also be applied to few-core optical fibers (FCFs). In this scenario, Fig. 3 . LDPC-coded PDM-QM ND-OSCD against LDPC-coded PDM-QAM. The CIPQ signal constellation is obtained by placing one constellation point in origin, and to determine the remaining constellation points, we run the IPQ procedure, as described in [8] . each core can represent an FMF, indicating that a few-core FMF (FCFMF) has an additional degree of freedom, which is the spatial coordinate. The proposed scheme is very flexible, as it can be used in various strategies ranging from pure multiplexing to full 4N-dimensional signaling. We also propose the PDM-QM ND-OSCD scheme that represents a good compromise among different conflicting requirements, as it offers better OSNR sensitivity and higher spectral efficiency, while being of comparable complexity when compared with PDM-QAM. In this scheme, four N-dimensional OAM-based signals have been simultaneously PDM-QM and transmitted over FMF system of interest. The purpose of such selection of coordinates is to improve the immunity to imperfect mode-coupling compensation, which is of high importance in the presence of nonlinear mode coupling.
There are many interesting research topics to be addressed in foreseeable future, based on this proposal, such as: i) joint mode-multiplexer and electrooptical modulators integration; ii) joint modedemultiplexer and photodetectors integration; iii) FMF mode-coupling compensation; iv) study of nonlinear interaction of OAM modes during propagation; and v) proof-of-concept experimental demonstrations.
